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Abstract 

In this work, we give the wave equations of relativistic and non-relativistic quantum me- 
chanics which are different from the Schrodinger and Klein-Gordon equation, and we also 
give the new relativistic wave equation of a charged particle in an electromagnetic field. 



PACS numbers: 03.00.00, 03.65.Pm, 03.65. Ta 



"The E-mailing address: guoyq@mail.ihep.ac.cn 



We know De Broglic suggested that not only does light have a dual nature but material particles 
also require a wave-particle description during 1922-23, and he further noticed correspondences between 
the classical theory of light and the classical theory of mechanics. He thought that we may obtain the 
wave equation of material particles by comparing the classical theory of light with the classical theory of 
material particle [1]. Schrodinger used De Broglie's idea to obtain the wave equation of material particles, 
i.e., Schrodinger equation [2]. In the following, we also apply De Broglie's suggestion to research the wave 
equation of material particles [3] . 

From the classical electromagnetic theory, the wave equation of electromagnetic wave which frequency 
is v is: 

v 2 v(0 + —^—^ = o, (i) 

where n is refracting power, c is light velocity and tp(r) is a component of electromagnetic field E and 
B. The Eq. (1) describes the wave nature of light such as interference and diffraction phenomenon of 
light. When light transmits at straight line it is described by the geometrical optics and the geometrical 
optics is a limiting case of wave theory of light. Format had reduced the laws of geometrical optics to 
the principles of 'least-time'. That is, a light ray follows the path requiring the least time. The Fermat 
principle is 

5 j nds = 0, (2) 

For a material particle, when it moves in potential energy V(r) it can be described by the minimum 
action principle of Jacobi 

S J v /2m(E - V(r))ds = 0, (3) 

where the total energy E is the sum of kinetic T and potential energy V(r). When n is replaced with 
y/2m(E -V(r)), the Eq. (2) is the same as Eq. (3). So, we can think that material particle wave 
equation is similar to Eq. (1) and the wave equation can be written as follows: 

V 2 ?/>(r) + Cm(E - V{r))xjj{r) = 0, (4) 

where C is a constant and it can be obtained in the following. For a free material particle, its potential 



energy V(r) = and total energy E = and it is associated with a plane wave 



Substitution of Eq. (5) into Eq. (4) gives 

C-p) 2 i)(r) + CmE^f) = 0, (6) 

The constant C is 

C - 2/U 2 , (7) 

From Eq. (4) and Eq. (7) , we obtain 

[-^7 2 + V{r)]i,{r) = Ei,{r). (8) 

The Eq. (8) is known as Schrodinger's time-independent wave equation and gives the states of constant 
energy [2]. It is corresponding Eq. (1) which describes the electromagnetic wave of constant energy. The 
time-dependent wave equation of material particle can be obtained by time-dependent wave equation of 
electromagnetic wave. It is 



vV( ,,,,_^VK*) = 11 



As the same process in the above, we can write down the time-dependent wave equation of material 
particle 

V 2 ^(r, t) + Cm(E - V{r)) ^^ t] = 0, (10) 
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For a free material particle, its potential energy V(r) = and total energy E — Substitute for the 
plane wave equation (5) to Eq. (10), we have 

( {p) 2 m + CmEC-Efi,{r) - 0, (11) 

The constant C is 

C = -2/E, (12) 
We can obtain the time-dependent wave equation of material particle 
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When the potential energy of the system is not a function of time, the time-dependent wave equation 
(13) has variable separable solutions of the form 

i>{r,t)=il>{r)f(t) (14) 

Substitute (14) into (13) and divide through by "4>(r,t) 

1 1 *«?>-%JLiB-C, (15) 



E-V(r)ip(r) rw E 2 f(t) dt 2 
C is a separation constant independent of f and t. We have two equations as follows: 

[V 2 + CV(r)]iP{r) = CEiP{r), (16) 

Obviously, the Eq. (8) is the same as Eq. (16). Comparing their coefficient, we have 

C = -2m/h 2 , (18) 

Substitute for C to Eq. (16)-(17) and obtain 

[-^7 2 + V{r)]i,{r) = Ei,{r), (19) 

The solution of Eq. (20) is 

f(t) = Ae i ^ t + Be~ i ^ t , (21) 

The complete solution of Eq. (13) is 

^(r, t) = V(r)(Ae^* + Be" 5 ^*). (22) 
Obviously, Eq. (13) is different from Schrodinger's time-dependent wave equation [2] 



The Schrodinger's time-dependent wave equation (23) can be obtained by making classical momenta p 
and energy E into operators 

p -> -ihV , E -> ih— (24) 



In Eq. (13), the momenta p can be become operator, i.e., p — > — iftV, but the energy E cannot be become 
operator ih-^, since there isn't unity time t in relativistic many-particle system. So, it is reasonable that 
the E is a number in Eq. (13). 

In the following, we will give the relativistic wave equations of material particle. Firstly, we should 
extend the Fermat's principle to covariance from 



5 J nds = 0, (25) 

where the ds is four-dimension differential interval and it is Lorentz-invariant. It is important to find a 
relativistic variational equation of material particle. We can do it from Hamilton's principle [4] 

5 j Ldt = 0, (26) 

where L is Lagrange function. The Eq. (26) can be written by dt — -fdr and ds = cdr as 

S J ^Lds = 0, (27) 

where 7 = , 1 a , the u is particle velocity, the c is light velocity. Obviously, the Eq. (27) is covariance 
V 

when the jL is Lorentz-invariant. For a free particle, the L can be taken as [5]: 



L = -mo^yi - — , (28) 

From Eqs. (25)- (28), with the same method in the above, we can obtain the time-independent relativistic 
wave equations of material particle 

[£ 2 -cVV 2 ]#1=^(r), (29) 

where E = m c 2 . The equation of classical mass-energy is 

E 2 = E% + c 2 p 2 , (30) 

Obviously, the Eq. (29) also can be obtained by quantization to Eq. (30), i.e., p — > —ihV. However, 
the time-dependent relativistic wave equations of material particle can be obtained easily. It is obtained 
similarly to Eq. (13) 

VW, t )-4^^=0, ,3!) 
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where the E is total energy. The Eq. (31) is different from the Klein-Gordon equation 

„ ,,_ . raZc 2 , . 1 d 2 ib(r,t) „ . . 

V 2 V(r, t) - ^-^(r, t) - ^ "£2 = °' ( 32 ) 

and the Eq. (31) has variable separable solutions of the form 

1>(f,t)=4(f f )f(t), (33) 

substituting Eq. (33) into (31), we can obtain two equations as follows: 

[E 2 -c 2 h 2 W 2 Wf) = E 2 m, (34) 
d 2 f(t) E 2 

+ = °' (35) 

The Eq. (34) is the same as (29). The complete solution of Eq. (31) is 

tp(r, t) = (Ae*# 4 + Be-^^r). (36) 

In the following, we consider a charged particle in an electromagnetic field. In Eq. (27), the L can be 
taken as [5]: 

TTlnC 2 e TT ,„ TOnC 2 g , 

L = UuA" = — + -u-A-e$, (37) 

7 7c 7 c 

where the is four-velocity, the A 11 is electromagnetic four-vector. The momentum P conjugate to X 
can be defined as follows: 

P i = — = 7 mui + -Ai, (38) 
am c 

or 





P = 


6 -* e -* 
p H — A = jrriQU H — A, 
c c 


(39) 


where p — ^mu. From Eq. (39), 


we have 








u = 


cP-eA 


(40) 




^(P-- c A) 2 +m 2 c 2 




7 = 


^{P-lA) 2 +m 2 c 2 


(41) 


The total energy E is 










E= V 


\cP - eA) 2 + mgc 4 + e$, 


(42) 



From Eqs. (37)- (42), we obtain 

9 e _ -f , o 6c t* E — 6$ . 

7L = -m c + 7-u • A - 7e$ = -m c + — p ■ A e$, (43) 

c Eq Eq 

with the same method in the above, we can obtain the time-independent wave equation when n is replaced 
with 7L in Eq. (1). It is 

V 2 ^(r) + B(-E + ^Lp.A- ^—^et>) 2 iP(r) = 0, (44) 

for a free particle 

A = $ = 0, (45) 

and 

*F> = (2^ eW "- m > (46) 



substitution of Eqs. (45)-(46) into (44) gives 



p2 I?2 



where E — jm c 2 for a free particle. Substitute for 7 to obtain 



[cP-eAf p 2 



Substitute for p — > —iUV to obtain 

VVW - -Lv 2 (-E ih^-V ■ A — ^f^ e $)V(0 - 0. (50) 

The Eq. (50) is time-independent relativistic wave equation of a charged particle in an electromagnetic 
field. For time-dependent relativistic wave equation, we can obtain when n is replaced with 7L in Eq. 
(9). It is 

VW,t) + B(-E + ■ 1- ^e*) 2 ^ = 0, (51) 
We can obtain the constant B Similarly to Eq. (48) 



substitution of Eq. (52) into (51) gives 
Substitute for p — > —ih\7 to obtain 



<-■> h 2 „ 9 , ^ _ ec „ -r> E — e<I> I , 9 d 2 %b(f,t) 



The Eq. (54) is time-dependent relativistic wave equation of a charged particle in an electromagnetic 
held. 

In our works, the time-independent wave equations are the same as the standard quantum mechanics. 
So, the energy of system is same in the two theoretical calculation. Since our time-dependent wave 
equations are different from standard quantum mechanics the systematic transition probability is different 
in their calculation. Otherwise, the new time-dependent relativistic wave equations may have some effects 
to quantum held theory. 
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